Abstract Motivated by a growing list of nontraditional statistical estimation problems of the piecewise kind [16] , this paper provides a survey of known results supplemented with new results for the class of piecewise linear-quadratic programs. These are linearly constrained optimization problems with piecewise linear-quadratic (PLQ) objective functions. Starting from a study of the representation of such a function in terms of a family of elementary functions consisting of squared affine functions, squared plus-composite-affine functions, and affine functions themselves, we summarize some local properties of a PLQ function in terms of their first and second-order directional derivatives. We extend some well-known necessary and sufficient second-order conditions for local optimality of a quadratic program to a PLQ program and provide a dozen such equivalent conditions for strong, strict, and isolated local optimality, showing in particular that a PLQ program has the same characterizations for local minimality as a standard quadratic program. As a consequence of one such condition, we show that the number of strong, strict, or isolated local minima of a PLQ pro- gram is finite; this result supplements a recent result about the finite number of directional stationary objective values. Interestingly, these finiteness results can be uncovered by invoking a very powerful property of subanalytic functions; our proof is fairly elementary, however. We discuss applications of PLQ programs in some modern statistical estimation problems. These problems lead to a special class of unconstrained composite programs involving the non-differentiable ℓ 1 -function, for which we show that the task of verifying the second-order stationary condition can be converted to the problem of checking the copositivity of certain Schur complement on the nonnegative orthant.
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Introduction
The subject of quadratic programming is as old as that of linear programming. The monograph [26] provides a valuable reference collecting in one source the fundamental theory of quadratic programming. A piecewise linear-quadratic (PLQ) function is a continuous function whose domain is the union of finitely many polyhedral sets on each of which the function is quadratic. A piecewise linear-quadratic program is an optimization problem with a PLQ objective and linear constraints. It appears that the Ph.D. thesis [44] is the first systematic study of a PLQ program; this is followed by the published paper [45] which studies the class of convex PLQ functions and establishes many structural properties of such piecewise functions. Like a quadratic function/program that provides a bridge between a linear function/program to a nonlinear one, a PLQ function/program provides an important gateway to a general piecewise smooth function/program from a piecewise affine function/program. Formal definitions of all these piecewise functions will be reviewed in Section 2. A wealth of basic properties of PLQ functions/programs has been obtained in the treatise [39] , some of which are succinctly summarized in the most recent article [9] and employed in the convergence analysis of Newton and quasi-Newton methods for convex composite programs. In addition, there are scattered studies of PLQ functions/programs such as the recent one [15] which shows among other things that the set of directional stationary values of the objective function of a PLQ program is finite, in spite of the possible continuum of local minima of such a problem. In spite of the abundance of results in the existing studies, there are some open questions about a PLQ function/program that deserve to be answered.
Motivated by a growing list of applications in several areas, this paper puts together in one place some modern realizations of PLQ functions/programs, surveys known results to date about these programs, and supplements the old results by new ones. The new results aim at addressing some natural questions arising from existing results for quadratic programs and piecewise affine functions. In the process, we also clarify some second-order properties of piecewise smooth functions. We provide here the background for the new results that we will detail in Section 2.
‚ On one hand, it is an elementary linear-algebraic fact that a quadratic function is equal to the difference of two sums of squares of affine functions plus a separate affine function, by the eigendecomposition of the quadratic form. On the other hand, it is known from [2, 41] that a piecewise affine function admits a max-min representation in terms of affine functions. This representation is of an algebraic flavor and is different from the structural properties of a PLQ function as summarized in [39, Lemma 2.50 ]; see also [9, Theorem 6.1] . Prior results for convex PLQ functions can be found in [44, 45] as mentioned above. In spite of these known results, there is an absence of an algebraic representation of a PLQ function that unifies those of a quadratic function and a piecewise affine function. Part of the contributions of this paper is to provide one such algebraic representation for a PLQ function, refining the proof of [33, Proposition 11 ] that provides a difference-of-convex representation of piecewise functions with a convex domain equal to the union of finitely many closed convex pieces on each of which the function gradients are Lipschitz continuous.
‚ The study of optimality conditions for constrained optimization problems dates back five decades to the beginning years of nonlinear programming [19] under twice continuous differentiability of the defining functions. In the early 1980's, such conditions are extended to directionally differentiable problems using one-sided directional derivatives [3, 4, 5, 10] . The study of optimality conditions continues to the modern era of variational analysis [39] and generalized differentiation [29] where the treatment is based on some robust concepts of first-order subgradients and second-order subderivatives. In particular, results from variational analysis [39, Theorems 10.1 and 13.24] establish the necessity of the second-order conditions for local optimality and the necessity and sufficiency of the strengthened second-order conditions for strong local optimality for general nonsmooth functions in terms of such subgradients and subderivatives. Since the early days of quadratic programming [12, 27] , it is known that the second-order necessary conditions are indeed sufficient for local optimality and the second-order sufficient conditions are necessary for strong local optimality. These results are extended in [8] to convex constrained quadratic programs. Another contribution of this paper is to extend these results in classical quadratic programming to the class of linearly constrained PLQ programs, thus closing the gap of the local minimality characterizations for this class of nonsmooth optimization problems.
‚ Due to the piecewise structure of a PLQ function, it is natural to establish the local minimality of a PLQ in terms of its "pieces" which are standard quadratic programs. In the case of strong local minimality, we provide, via the theory of isolated solutions of affine variational inequalities [17, Section 3.3] , a dozen necessary and sufficient conditions among which are the equivalence of strong, strict, and isolated local minima [37] and a matrix-theoretic characterization pertaining to the pieces. Interestingly, the latter characterization enables us to show that the number of such minima is finite. This finiteness result complements similar results for the objective values of directional stationary solutions; see [15] . As it turns out, these finiteness results for quadratic problems can be derived by invoking (through additional arguments) a very powerful property of subanalytic sets [6] whose proof requires advanced mathematical concepts and abstract analysis. In contrast, our proof in Proposition 12 makes use of simple arguments and highlights one consequence of the necessity of the second-order sufficient conditions for such minima. The connection between the abstract result in [6] and our proof also sheds light on the technical difficulty in extending these results to general piecewise quadratic programs whose pieces can be quite arbitrary.
In addition to these theoretical contributions, we present a host of modern statistical estimation problems that can be formulated as PLQ optimization problems, and discuss a class of unconstrained composite programs involving the non-differentiable absolute-value function. For this special problem, we show that the task of verifying the second-order stationary condition can be converted to the problem of checking the copositivity of certain Schur complement on the nonnegative orthant.
Preliminaries and Background Results
Divided into five subsections, this section collects the concepts and background results about directional derivatives and their role in the optimality conditions of nonsmooth functions as well as the second-order optimality theory for quadratic programs. These are summarized here as a review and also for ease of later reference. Subsection 2.1 introduces the first-and second-directional derivatives and related definitions. Subsection 2.2 reviews piecewise functions and their local properties and state the max-min representation of a piecewise affine function. Subsection 2.3 discusses the class of semismoothly differentiable (SC 1 ) functions which contain the piecewise smooth functions. Subsection 2.4 defines various local minimizers and first-and second-order stationary points in terms of certain first and second-order necessary and sufficient conditions. We also connect these conditions to an abstract result for a general nonsmooth problem. Subsection 2.5 summarizes the optimality results for standard quadratic programs.
Directional derivatives
The following definitions of directional derivatives can all be found in [39] . Let f : Ω Ñ R be a given function defined on the open set Ω Ď R n . The (first-order) subderivative d f pxqpvq and onesided directional derivative f 1 px; vq at a point x P Ω along the direction v P R n are defined by, respectively. quadratic functions need not be piecewise linear-quadratic because there is no requirement for the existence of a family of polyhedral decomposition of the domain as required by a PLQ function. A piecewise affine (PA) function is a PLQ function such that the quadratic element functions q i are all affine functions.
It is known that PC 1 , and thus PQ, functions are B-differentiable; see e.g. Lemma 4.6.1 in [17] . Moreover, the directional derivative f 1 px; dq is equal to ∇ f i pxq T d for every index i P A 1 px; dq, where A 1 px; dq, called the directionally active set at x in the direction d, consists of those indices i 1 for which there exists a sequence of positive scalars tτ g u converging to zero such that f i 1 px`τ g dq " f px`τ g dq for all g. Implicit in this result is the fact that ∇ f i pxq T d " ∇ f j pxq T d for any two indices i and j in A 1 px; dq. Thus the directional derivative f 1 px; ‚q of a PC 1 function is a piecewise linear function on R n . A generalization of this result is proved for PC 2 functions in Proposition 8 that extends the result below for PLQ functions; a remark following the latter proposition highlights the difference between twice directional differentiability and twice semidifferentiability. In the following result and subsequently, T px; S q denotes the tangent cone of a closed set S at a pointx P S ; i.e., v P T px; S q if and only if there exist a sequence of vectors tx k u Ă S converging tox and a sequence of positive scalars
Proposition 1 [39, Proposition 13.9] Let f : D Ď R n Ñ R be a PLQ function with the domain D being the union of the polyhedral pieces tP i u I i"1 ; associated with each of such piece P i is the quadratic function q i for i " 1,¨¨¨, I. At any pointx P dom f , f 1 px; ‚ q " d f pxq, which is piecewise linear with dom d f pxq " T px; dom f q. In particular, for i P Apxq and v P T px; P i q,
In addition, f p2q px; ‚ q " d 2 f pxq is piecewise linear-quadratic given by
Moreover, there exists a neighborhood N ofx such that
As noted in [9, Proposition 4.2] , no convexity on f is needed in the above statements. l.
According to [2, 41] , every PA function with domain R n has a max-min representation. Specifically, if f : R n Ñ R is PA, then there exist finitely many affine functions
From this representation, it is easy to deduce that if f is PA, then
From the representation (4), we may deduce that every PA function is a difference-of-convex (dc) function with the following difference-max-affine representation:
for some positive integers I 1 and I 2 , n-vectors ta i u (4) and (5), it is natural to ask whether a PLQ function has similar representations using quadratic functions. This question easily has a negative answer as illustrated by the squared plus function; i.e., t 2 , where t`fi maxpt, 0q. Incidentally, the latter representation (5) is key to the statistical estimation problem using a PA model; see [16] . By a result in the recent paper [33] , which we rephrase below, it follows that that every piecewise quadratic function with a convex domain is a dc function. A function is LC 1 if it is differentiable with a Lipschitz gradient. No convexity of the function θ is required in the proposition. defined on an open set O containing S such that θpxq " θ i pxq for all x P S i and that each difference function θ ji pxq fi θ j pxq´θ i pxq has dc gradients on S. It holds that θ is dc on S with the following representation: 
The next result shows in particular that a SC 1 function must be twice semidifferentiable. This result adds a new local property of a SC 1 function. See Section 7 for an application of the result. 
Φpw`τ v 1 q´Φpwq τ " Φ 1 pw; vq and lim
combining these limits with (7) applied to f with gradient F at Φpwq, we easily obtain the desired formula (8) for ϕ p2q pw; vq. l
Local minimizers and stationarity
Consider the optimization problem: minimize
where X is a polyhedral set (unless otherwise specified) in R n and f is a locally Lipschitz continuous function defined on an open set containing X. We say thatx P X is a ‚ local minimizer of f on X if there exists an (open) neighborhood N ofx such that f pxq ě f pxq for all x P X X N ; ‚ strict local minimizer of f on X if there exists an (open) neighborhood N ofx such that f pxq ą f pxq for all x P X X N and x ‰x; ‚ isolated local minimizer of f on X if there exists an (open) neighborhood N ofx such thatx is the only local minimizer in N of f constrained by X; ‚ strong local minimizer of f on X if there exist a scalar c ą 0 and an (open) neighborhood N of x such that f pxq ě f pxq`c} x´x } 2 for all x P X X N . Clearly every strong local minimizer must be strict; so is every isolated local minimizer. It is known that the converse of these statements are not valid for a general nonlinear program. Stated for a proper extended-valued function, i.e., f ı 8, the following theorem provides a general result for the local optimality based on the first and second-order subderivatives. , which incidentally may not be needed because of the polyhedrality of X, we bypass this extended-valued maneuver and present the following variant of Theorem 1. We offer a detailed proof of the implication (b3) ñ (b1) in the proposition because we cannot identify a result in the literature that we cite directly.
Proposition 4 Let f : Ω Ñ R be locally Lipschitz continuous near a givenx P X and twice semidifferentiable atx, where X is a polyhedron contained in the open set Ω. Consider two sets of statements for the program (9) atx P X. 
It holds that
Proof. (b1) ñ (b2). By the polyhedrality of X, it follows that for every v P T px; Xq,x`τv P X for all τ ą 0 sufficiently small. Hence the claimed implication is immediate from the equality d 2 f pxqpvq " f p2q px; vq. (b2) ô (b3). This is easy because X is polyhedral. (b3) ñ (b1). This is nontrivial yet not difficult part of the result. Assume by way of contradiction thatx P X is not a strong local minimizer. It then follows that there exists a sequence tx k u Ă X converging tox such that
This implies in particular that x k ‰x for all k. With no loss of generality, we may assume that the normalized sequence " x k´x } x k´x } * converges to a limit v which must be nonzero. Thus, by the continuity of f 1 px; ‚q, it follows that f 1 px; vq ě 0. By the local Lipschitz continuity of f , we have
Hence (10) yields f 1 px; vq ď 0. Thus, f 1 px; vq " 0. It follows that d 2 f pxqpvq ą 0 becausex`τv P X for all τ ą 0 sufficiently small by the polyehdrality of X. Since
it follows that for some constant c ą 0,
But this contradicts (10) . The remaining implications (b1) ñ (a1) ñ (a2) ô (a3) are all fairly easy. l Remark 1 Notice that the implication (a3) ñ (a1) is left out in Proposition 4. Inspired by classic results for standard quadratic programs, it is natural to ask whether for the program (9) such a reverse implication will be valid if the objective function f is PLQ. Completing the equivalence of (a1), (a2), and (a3) for a PLQ program is a contribution of this paper. l Based on the above result, we define two types of second-order stationary solutions for the problem (9) with a twice semidifferentiable function f and a polyhedral X using d 2 f pxq " f p2q px; ‚q. Specifically, we say thatx P X ‚ is a (directional) stationary point, or equivalently, satisfies the (first-order directional) stationarity condition if d f pxqpvq " f 1 px; vq ě 0 for all v P T px; Xq, or equivalently, d f pxqpx´xq ě 0 for all x P X; ‚ is an isolated (or locally unique) stationary point if there exists an (open) neighborhood N ofx such thatx is the only stationary point in N ; ‚ satisfies the second-order necessary condition if it is a stationary point and d 2 f pxqpvq ě 0 for all v P T px; Xq such that d f pxqpvq " 0; ‚ satisfies the second-order sufficient condition if it is a stationary point and d 2 f pxqpvq ą 0 for all nonzero v P T px; Xq such that d f pxqpvq " 0.
Like the first-order stationarity conditions, we also call the second-order necessary and sufficient conditions second-order stationarity conditions. Clearly, a local minimizer that is an isolated stationary point must be an isolated local minimizer. Ifx is a (directional) stationary point of (9), we call f pxq is (directional) stationary value of this problem.
Quadratic programs
Consider the standard quadratic program:
where qpxq "
α is a quadratic function with the matrix Q P R nˆn being symmetric and the pair pc, αq P R n`1 , and P fi tx P R n | Ax ě bu for some matrix A P R mˆn and m-vector b is a polyhedral set. We recall that the critical cone, denoted Cpx; q; Pq, of this problem at a given x P P is by definition the polyhedral cone: Cpx; q; Pq fi T px; Pq X ∇qpxq K , where a K denotes the orthogonal complement of the vector a consisting of all vectors v perpendicular to a. There is an equivalent definition of the critical cone when the base vectorx is a stationary solution of (11) in terms of the constraint multipliers [17, Section 3.3.1]. Specifically, for such a stationary solutionx, let Λpxq denote the set of multipliers λ P R m such that the following Karush-Kuhn-Tucker (KKT) conditions hold:
where the K notation here denote the complementary slackness property between the constraint multiplier λ and the (nonnegative) slack variable s ě Ax´b. Let supppλq denote the support of the vector λ; i.e., supppλq consists of all the indices i P t1,¨¨¨, mu such that λ i ą 0. We then have Cpx; q; Pq " t v P T px; Pq | Dλ P Λpxq such that A i‚ v " 0 for all i P supppλq u , where A i‚ denotes the ith row of A. The following result about local minimizers is classical in the theory of quadratic programs.
Proposition 5 A feasible vectorx P P of the quadratic program (11)is a local minimizer if and only if it satisfies the second-order necessary condition; this is equivalent tox being a stationary point and Q being copositive on Cpx; q; Pq; i.e., v T Qv ě 0 for all v P Cpx; q; Pq. l Theorems 3 in [8] offers an extension of the above proposition to a non-polyhedral feasible set P; in the sufficiency part, it requires the polyhedrality of the tangent cone T px; Pq.
The next proposition about strong local minimizers collects various known results from the literature and put them in one place for clarity and also for ease of later reference; there are a few parts that are not particularly well known but are needed to complete the proof of all the equivalences. The K notation in part (a5) denotes the orthogonality of the two vectors v and Qv; Cpx; q; Pq˚denotes the dual of the critical cone.
Proposition 6
The following statements are equivalent for a feasible vectorx P P of the quadratic program (11).
(a1)x is a stationary point and Q is strictly copositive on Cpx; q; Pq; (a2)x is a stationary point, Q is copositive on Cpx; q; Pq, and the implication below holds:
(a3)x is both a local minimizer and an isolated stationary point; (a4)x is an isolated local minimizer;
(a5)x is a strict local minimizer;
(a6)x is a strong local minimizer.
Proof. The proof follows the implications below which are either easy or known;
See [26, Chapter 3] for the equivalences between (a5), (a6), and (a1); indeed the equivalence of the former two conditions is through (a1); see [17, Proposition 3.3.7] regarding the connection between copositivty in (a2) and isolated stationarity which yields the implication (a2) ñ (a3). l Theorems 1 in [8] offers an extension of the equivalence of the conditions (a6) and (a1) to a non-polyhedral convex feasible set P. For the implication (a6) ñ (a1) to be valid in this extended case, the tangent cone T px; Pq in the definition of the critical cone is replaced by the smaller feasible cone of P atx.
Algebraic Representation of PLQ Functions
In [44, 45] , Sun explored the structure of convex PLQ functions and obtained a number of fundamental structural results. Apart from these early papers, the treatise [39] has extensive discussion exploring variational properties of PLQ functions; see for instance Proposition 12.30 and Example 12.31 in the latter reference and also [9, Theorem 6.1]. Our goal in this section is different: we plan to examine the extension of the max-min representation (4) of PA functions to (not necessarily convex) PLQ functions by starting with the difference-of-convex representation of piecewise functions in Proposition 2. We are also motivated by the elementary representation of a quadratic function as sums and differences of squared affine functions plus an affine function. Namely, for a symmetric matrix Q " P T DP where D is a diagonal matrix with diagonal entries td i u n i"1 and P is an nˆn matrix with rows tP i‚ u n i"1 , then
expresses the quadratic function qpxq as described. Thus, quadratic functions are composed of two simple classes of convex functions: squares of linear functions and affine functions, combined together by addition and subtraction. Using solely squares of affine functions as the "building functions" and relying on addition and subtraction only are not enough to yield all PLQ funtions. The simple squared plus function t 2 suggests that we need to expand the affine functions to include the most basic PA function, i.e., the plus function; further, the representation (4) suggests that we need to include the pointwise max-min operation.
The elementary building functions. We call the composition of the plus function with an affine function a Plus-Composite-Affine (or in short, PCA) function; this is a function of the form maxpa T x`α, 0q for some vector a and scalar b. One immediate difference between the family of PCA functions and the family of affine functions is that the latter family is closed under addition and subtraction whereas the former is not. For our purpose, we are also interested in the squared PCA functions. Let F consist of two families of functions: squares of affine functions and squares of PCA functions. Each member function in F is nonnegative, convex, and differentiable.
We begin with a lemma about the distance function to a closed set. Worthy of note about this lemma is that we employ a polyhedral norm to define the distance function. To be specific, we employ the 1-norm: for a closed set S Ď R n , let
We should note that a result [39, Proposition 12.31 part (c)] related to the one below employs the squared Euclidean-norm distance function to characterize a polyhedral set. The lemma characterizes a piecewise polyhedral set in terms of the 1-norm distance function defined above.
Lemma 1 A closed set S Ď R n is piecewise polyhedral if and only if dist 1 px; S q is a piecewise affine function on R n .
Proof. "Only if". In general, if a closed set S is the union of finitely many closed sets tS i u
Thus the "only if" statement follows readily because the 1-norm distance function to a polyhedron is the value function of a parametric linear program, thus is piecewise affine by well-known linear programming theory. "If". By the max-min representation (4) and the nonnegativity of the distance function, it follows that there exist affine functions t f i j pxqu Ji j"1 for some positive integer J i and for all i " 1,¨¨¨, I for some positive integer I such that
Since S is the zero set of the distance function, we deduce that
, by the nonnegativity of f i j pxq`. Since each S i j is a halfplane, it follows readily that S is the union of finitely many polyhedra. l In the following result, we keep the quadratic functions that define the pieces of the PLQ function in its representation; each such quadratic function has the elementary decomposition (13) into sums and differences of squared affine functions plus an affine function that can be employed in (14) to refine this decomposition.
Proposition 7 Let f : dom f Ñ R be a PLQ function on a polyhedral dom f that is the union of finitely many polyhera tP i u I i"1 ; on each such polyhedral piece P i is a quadratic function q i such that f pxq " q i pxq for all x P P i . Then there exists finitely many functions t f i p k u
where each fȋ p k j P F such that
and the zero set of the function p φ i pxq fi max 1ď p kď p Ki f i p k pxq coincides with P i .
Proof. We first remark that the 2-norm in (6) can be replaced by the 1-norm; this replacement results in the following representation of f pxq for all x P dom f ,
The proof of this identity follows that of (6) . In fact, with
the proof of (6) hinges on two things: φ 2i pxq " 0 if and only if x P P i , and q i pxq`φ 2i pxq ě f pxq for all x P dom f zP i . Clearly, these two properties of the functions φ 2i pxq remain valid if we replace them by:
because }a} 1 ě }a} 2 for any vector a P R n . Hence we obtain the 1-norm representation (15) of f . The advantage of the latter representation over the former one is that we have 
Since for any scalar t, we have t 2 " maxpt, 0q 2`m axp´t, 0q 2 , we deduce that p φ i pxq is equal to the pointwise maximum function:
from which the claimed representation (14) follows readily. l
Remark 2
The above proof provides the following necessary and sufficient representation of a PLQ function. Namely, a function f : R n Ñ R is a PLQ function on a piecewise polyhedral dom f if and only if there exist a family of quadratic functions tq i u I i"1 and two families of piecewise affine functions t p h i pxqu I i"1 and t r h i pxq u
and tx P dom f | f pxq " q i pxqu " tx P dom f | p h i pxq " 0u for each i " 1,¨¨¨, I. l
Second-Order Properties of Piecewise Quadratic Functions
In this session, we discuss the second-order directional properties of PC 2 functions. The results herein are not surprising and yet seemingly new.
Proposition 8
Let f be a PC 2 function on an open set Ω Ď R n . Then f is twice directionally differentiable on Ω. Moreover, for every pair px, dq P ΩˆR n , f p2q px; dq is equal to d T ∇ 2 f i pxqd for any i P A 1 px; dq. Proof. The proof follows the line of proof of Lemma 4.6.1 in [17] cited above. As in this lemma, it suffices to show that d T ∇ 2 f i pxqd " d T ∇ 2 f j pxqd for any two indices i and j in A 1 px; dq. Assume the contrary. Letī andj be two indices in A 1 px; dq such that d T ∇ 2 f¯ipxqd ‰ d T ∇ 2 f¯jpxqd. Since f¯i and f¯j are C 2 functions, f¯ipxq " f¯jpxq, and ∇ f¯ipxq T d " ∇ f¯jpxq T d, it follows that a scalar ε¯i¯j ą 0 exists such that f¯ipx`τdq ‰ f¯jpx`τdq for all τ P p 0, ε¯i¯j s. At this point, the same proof of Lemma 4.6.1 in [17] can be applied to derive a contradiction; in essence, this argument relies solely on the compactness of the line segment rx, x`ε d s, where ε ą 0 is a suitable scalar derived from the ε¯i¯j, appropriately reduced if necessary to ensure that Apx`τdq Ď Apxq for all τ P r0, εs. We omit the details. l
Remark 3
Although the deficiencies of the second directional derivative f p2q px; dq have been very well noted in [39, Section 13.B], Proposition 8 suggests that twice directional differentiability is a weaker requirement than twice semidifferentiability in that the derivative f p2q px; dq may exist while the second-order limit (3) does not. As asserted by Proposition 8, a PC 2 function is always twice directionally differentiable; but it may not be twice semidifferentiable. One counterexample is given in [39, Example 13.10], where f pxq " maxp|x`a| 2 , 1q with |a| " 1 is a univariate PQ function that fails to be twice semidifferentiable at x " 0. An example at the end of this section further illustrates the difference between these two second-order differentiability concepts.
l
It is interesting to compare Propositions 8 with 1. In the latter proposition (for PLQ functions), we obtained the second directional derivative f p2q px; vq for all v P T px; P i q, whereas in the former proposition (for PC 2 functions), it is not difficult to see that i P A 1 px; dq if and only if d P Rpx; P i q, which is the so-called "radial cone" of the (not necessarily polyhedral) piece P i that is a subset of the tangent cone T px; P i q. Thus Proposition 8 gives the second directional derivative f p2q px; dq for all d P Rpx; P i q. The two cones Rpx; P i q and T px; P i q coincide when P i is polyhedral. If P i is convex for i P Apxq, then P i Ď x`Rpx; P i q. The next proposition generalizes the result of Proposition 1 on the local exactness of the quadratic expansion of a PQ function restricted to directions in the radial cones at a point.
Proposition 9 Let f be a PQ function on a domain D Ď R n . Then, for everyx P D and every piece P i of f containingx, it holds that for all x Px`Rpx; P i q,
Thus f p2q px; ‚q is continuous when restricted to the cone Rpx; P i q.
Proof. If x Px`Rpx; P i q, then i P A 1 px; x´xq. This implies that f 1 px; x´xq " ∇ f i pxq T px; x´xq Lemma 4.6.1 in [17] and that f p2q px; x´xq " px´xq T ∇ 2 f i pxqpx; x´xq by Proposition 8. Since for the quadratic function f i , we have
(16) follows readily. The last statement of the proposition is obvious. l
Remark 4
If P i is convex, then (16) holds for all x P P i . Thus, if f is PQ with convex pieces, then (16) holds for all x nearx. This raises a question that we will formally pose in the next subsection and for which we do not have an answer presently. Nevertheless, the next proposition gives a partial answer to this question.
If a PQ function is continuously differentiable, then it is also a PLQ function. This seems to be a new result in the literature of PQ functions. i"1 be the affine pieces of F in a neighborhood N ofx that we may assume to be polyhedral such that Fpxq " A i x`b i for all x P N X P i , where each A i P R nˆn , b i P R n and P i is a polyhedral set. We may assume without loss of generality that this neighborhood N is such that (16) holds for all x in N , it will imply that f is piecewise linear-quadratic nearx. For a fixed but arbitrary x P N , define the univariate function ψptq fi f px`tpx´xqq´f pxq´t∇ f pxq T px´xq for t P r0, 1s. This function is differentiable with derivative
Hence, f pxq´f pxq´∇ f pxq T px´xq " ψp1q´ψp0q
which is the desired equality (16) . (c) ñ (a). This is obvious. l The example below illustrates many of the results establish above.
Example 1 Consider the following piecewise quadratic function:
where Q is a symmetric matrix, which is not necessarily positive semidefinite. One piece of this function is the exterior of the unit ball, thus not convex. It is not difficult to verify the following directional derivatives of the first and second order: for every pair px, dq P R nˆRn ,
Both second-order directional derivatives f p2q px; dq " d 2 f pxqpdq exist for all px, dq and yet are discontinuous in neither variable while the other is fixed. Thus this PQ function f is not twice semidifferentiable. l
Some open questions
The results in this section and Section 3 have added to the understanding of PLQ and PQ functions. Yet, there remain several questions whose answers we do not know at this time and which seem worthwhile to ask for future research. The main question is whether we can characterize a PQ function to be PLQ in terms of several properties of the latter. The following are some specific questions: ‚ If the domain of a PQ function is the union of finitely many closed convex sets on each of which the function is quadratic, does it follow that the PQ function is PLQ? ‚ If a PQ functions is twice semidifferentiable, is it necessarily a PLQ function?
‚ Is there a "simpler" representation of a PLQ function in terms of the family of functions in F introduced prior to Proposition 9 than the one (14) in this proposition? ‚ Is the class of functions with the representation (14) equal to the class of PQ functions?
Second-Order Optimality Conditions
Our goal in this section is to extend the optimality results in Subsection 2.5 to a linearly constrained piecewise linear-quadratic program. For simplicity, in both Theorems 2 and 3, we take the objective f to be a PLQ function on the entire R n . As such, f is twice semidifferentiable on R n . The first result concerns a local minimizer that extends Proposition 5.
Theorem 2 Let f : R
n Ñ R be a PLQ function with polyhedral pieces tP i u I i"1 and associated quadratic functions t q i u I i"1 . Let X be a polyehedral set in R n . Let r P i fi X X P i . The following four statements are all equivalent at a given vectorx P X: (a1)x is a local minimizer of f on X; (a2) for every i P Apxq,x is a local minimizer of q i on r P i ;
(b1)x is a d-stationary point of (9) and satisfies the second-order necessary condition; (b2) for every i P Apxq,x is a stationary point of f (or equivalently, q i ) on r P i and ∇ 2 q i pxq is copositive on Cpx; q i ; r P i q.
Proof. (a1) ñ (a2): Let N be a neighborhood ofx such that Apxq Ď Apxq for all x P N . We claim that for any i P Apxq,x is a minimizer of f on N X r P i . Indeed, for any such i, we have q i pxq " f pxq ě f pxq " q i pxq for any x P N X r P i . (a2) ñ (a1): Choose a neighborhood N ofx satisfying two conditions: (i)x is a minimizer of q i on N X r P i for every i P Apxq, and (ii) Apxq Ď Apxq for every x P N . Let x P X X N be arbitrary. For every i P Apxq, we have f pxq " q i pxq ě q i pxq " f pxq,
where the equalities hold by the choice of i and the local minimizing property ofx for q i on each piece r P i . (b1) ñ (b2): This holds because v P T px; r P i q for some i P Apxq implies v P T px; Xq X T px; P i q, which, by Proposition 1, further yield
(b2) ñ (b1): This holds because for any v P T px; Xq, if v P T px; r P i q for some i P Apxq, then v P T px; P i q and thus (20) holds. (a2) ô (b2): by Proposition 5. l Remark 5 While the proof is not difficult, the implication (b1) ñ (a1) is missing in the literature till now. Thus Theorem 2 gives a complete set of necessary and sufficient conditions for the local optimality of PLQ programs in terms of the second-order necessary conditions and the copositivity condition (b2). l
Employing [8, Theorem 3], we can deduce that Theorem 2 remains valid for a non-polyhedral constraint set X provided that the tangent cone T px; Xq is polyhedral. We omit the details. We next extend Proposition 6 to a PLQ program. The extension relies on the equivalence of the piecewise program locally to the pieces that contain the pointx in question, similar to the equivalence of (a1) to (a2) in the above Proposition 2. Once such a local equivalence is establish, all the other equivalent conditions follow readily from the previous results for a QP.
Theorem 3 Let f : R n Ñ R be a PLQ function with polyhedral pieces tP i u I i"1 and associated quadratic functions t q i u I i"1 . Let X be a polyhedral set in R n . Let r P i fi X X P i . The following statements are all equivalent at a given vectorx P X:
(a1)x is a strong local minimizer of f on X; (a2)x is a strict local minimizer of f on X; (a3)x is an isolated local minimizer of f on X; (a4)x is an isolated stationary point and a local minimizer of f on X; (b1) for every i P Apxq,x is a strong local minimizer of f (or equivalently q i ) on r P i ; (b2) for every i P Apxq,x is a strict local minimizer of f (or equivalently q i ) on r P i ; (b3) for every i P Apxq,x is an isolated local minimizer of f (or equivalently q i ) on r P i ; (b4) for every i P Apxq,x is an isolated stationary point and a local minimizer of f (or equivalently q i ) on r P i ;
(c) d f pxqpx´xq ě 0 for all x P X and d 2 f pxqpx´xq ą 0 for all x P Xztxu with d f pxqpx´xq " 0;
(d1)x is a d-stationary point of (9) and satisfies the second-order sufficient condition; (d2) for every i P Apxq,x is a stationary point of q i on r P i and ∇ 2 q i pxq is strictly copositive on Cpx; q i ; r P i q.
Proof. We may proceed as in the proof of Theorem 2 to show the equivalence of the individual statements (a1) through (a4) for the problem (9) with the corresponding statements (b1) through (b4) for the piecewise programs. The inter-equivalences among the statements (b1) through (b4) and their equivalences with (d1) and (d2) are through Proposition 6 for a standard QP. Finally, the equivalence with (c) is by Proposition 4. l Remark 6 Similar to the previous Theorem 2, Theorem 3 gives a complete set of necessary and sufficient conditions for the (strong, strict, isolated) local optimality in a PLQ program in terms of the second-order sufficient conditions and the strict copositivity condition (d2) on the pieces. Many implications in Theorem 3 remain valid for a PC 2 function with convex pieces. Without the PLQ property, however, it is not possible to apply Proposition 6 to establish the complete equivalences; in particular, to show the necessity condition (d2) under either (a1) or (a2). l
Example 2
We use the function in Example 1 to illustrates two important points. ‚ For a piecewise quadratic (as opposed to piecewise linear-quadratic) program, a stationary point satisfying the f p2q px; ‚q (or even d 2 f pxqp‚q) based second-order necessary condition is not necessarily a local minimizer; in other words, for a PQ program, such a second-order necessary condition is not in general sufficient for local optimality. Hence the linear-quadratic property of the objective function is essential for such sufficiency to hold as established in Theorem 2. ‚ The second-order sufficient condition in terms of the second directional derivative f p2q px; ‚q or the second semiderivative d 2 f pxqp‚q (which are equal for this example) is not sufficient for a local minimizer when the domain of some piece is not convex. This confirms that the second-order sufficient condition based on either one of these second derivatives is weaker than that based on d 2 p f`δ X qpx|0qpvq as established in Theorem 1, the latter offers an elegant yet abstract necessary and sufficient condition for strong local optimality of a general nonsmooth, nonconvex program without exposing the set X.
We first characterize the second-order stationarity conditions based on f p2q px; ‚q. Letx P R n with }x} 2 " 1 be arbitrary. The following two statements hold for the function ‚x is an unconstrained (directional) stationary point of f if and only ifx is a normalized eigenvector of the matrix Q corresponding to an eigenvalue β P r0, 1s;
‚ if 0 and 1 are not eigenvalues of Q, thenx satisfies the second-order necessary condition of f if and only if it is stationary andx
Proof. By the expression (19) of f 1 px; dq, we deduce thatx is an unconstrained stationary point of f if and only if max`
In turn, this is equivalent to two implications:
It is not difficult to show that these inequalities are equivalent to the existence of a scalar β P r0, 1s such that Qx " βx, which is equivalent to the claimed eigenvalue characterization ofx. Further, ifx is an unconstrained stationary point of f and d is such that f 1 px; dq " 0, then we must havē x T d " 0. Hence if 0 and 1 are not eigenvalues of Q, then by the expression of f p2q px; dq, it follows thatx satisfies the second-order necessary condition of f if and only ifx is a normalized eigenvector of the matrix Q corresponding to an eigenvalue β P p0, 1q and the implication (21) holds. l In the rest of the discussion of the example, we let n " 2 and Q be a 2ˆ2 positive diagonal matrix with diagonal elements Q 11 and Q 22 satisfying: 0 ă Q 22 ă Q 11 ă 1. We also fixx " p0,´1q. Thenx is a normalized eigenvalue of Q corresponding to Q 22 . Hencex is a directional stationary point of the function f given by (18) . Moreover, since the eigenvalues of Q are both less than unity, it follows thatx satisfies the second-order necessary condition. We show however thatx is not an unconstrained local minimizer of f by considering the points
,´?1´ε‹ ‹ ‚ , for all ε ą 0 sufficiently small.
We have
Thus,x satisfies the second-order necessary condition but is not an unconstrained local minimizer of the bivariate function f px 1 , x 2 q " 
Since Q 22 ă Q 11 , the second-order necessary condition defined by d 2 f px | 0qpdq ě 0 for all d satisfying f 1 px; dq " 0 fails atx. l
We give below another easy result that is seemingly new too. A realization of this result is given by the problem (31) arising from a log-likelihood piecewise affine estimation problem.
Proposition 11
Let f " φ˝ψ be the composite of a convex function φ and a PA function ψ. With X being a closed convex set, any (directional) stationary solution of (9) is a local minimizer.
Proof. Letx be a (directional) stationary solution of (9) and x P X be arbitrary. We have f pxq " φpψpxqq ě φpψpxqq`φ 1 pψpxq; ψpxq´ψpxqq, by convexity of φ " φpψpxqq`φ 1 pψpxq; ψ 1 px; x´xqq, for all x nearx, by the PA property of ψ
where the last equality is by the directional derivative formula of composite functions. l
Finite number of strong local minima
In this subsection, we establish the interesting result that the number of strong local minima of a quadratic program is finite, from which the same conclusion holds for a PLQ in view of the equivalence between (a1) and (b1) in Theorem 3 and the fact that there are only finitely many QP pieces of a PLQ program. We will subsequently connect the result with an advanced theory of subanalytic functions.
Proposition 12
For the quadratic program
the set of its isolated (equivalently, strict, strong) local minima is finite.
Proof. Denote
F fi " β Ď t1, . . . , muˇˇˇˇt here exists an isolated local minimizer with a multiplier λ such that supppλq " β * .
It suffices to show that for anyβ P F , the corresponding isolated local minimizerx with a multiplier λ satisfying supppλq "β is unique. Based on the KKT optimality condition of (22) atx, we deduce
If there exists another isolated local minimizer p x P R n with a multiplier p λ such that suppp p λq "β, we also have
Multiplying both sides of (23) by px´p xq T and those of (24) by pp x´xq T , and by noting that A i ‚x " A i ‚ p x " b i , we may derive pp x´xq T Qpp x´xq " 0.
Denote Ipxq fi ti | A i ‚x " b i u. We may write the critical cone of the problem (22) atx based on the multiplierλ as
Since for any i P Ipxq, A i ‚ p x ď b i and A i ‚x " b i , and for any i Pβ, A i ‚ p x " A i ‚x " b i , we deduce that 0 ‰ p x´x P Cpxq. This leads to a contradiction with the second order sufficient condition at the isolated local minimizerx. Therefore, the set of all isolated local minima of (22) is finite because the family F is finite. l As mentioned before, part (a) the following corollary is immediate. Part (b) is a result recently proved in [15] . Note that a directional stationary value is derived from a first-order directional stationary point that is not necessarily a local minimizer of the problem.
Corollary 1 Let f be a PLQ function on R n and X be a polyhedral set. The following two statements hold for the program (9): ‚ it has a finite number of isolated (strict, strong) local minima;
‚ it has a finite number of directional stationary values. l
The two conclusions in Corollary 1 can be obtained by invoking a very powerful finite-connectedcomponent property of globally subanalytic sets [6] . This can be argued by first verifying, with a small effort, that the set of stationary solutions of a PLQ program is globally subanalytic. By the said property, it follows readily that the set of isolated stationary points must be finite. To advance this finiteness result to the same for strong, strict, and isolated local minima is then immediate due to their equivalence and the fact that they must be isolated stationary points for PLQ problems. Our proof in Proposition 12 is elementary, however, and highlights one consequence of the necessity of the second-order sufficient conditions for such minima. It is known [20, Lemma 1.1] that a PQ function on a semialgebraic set is a semialgebraic function; thus it follows from [6] that a linearly constrained PQ program (9) with the objective f being a PQ function defined on the entire space must have finitely many isolated stationary points. However, it is not clear if this is sufficient to yield that this problem must have finitely many strong, strict, or isolated local minima. Again, the PLQ property seems needed for the latter finiteness result to hold.
Testing copositivity: One negative eigenvalue
Theorems 2 and 3 have shown that the (strong) local minimality of a PLQ program can be verified via the matrix (strict) copositivity on the pieces. The latter property can be posed in the context of the following homogeneous quadratic program:
where C is a polyhedral cone in R n and Q is a symmetric matrix. The copositive of Q on C then becomes the question of where the optimal objective value of (25) is equal to zero or unbounded below. Since the classic work [40, 21] , it is known that a general indefinite quadratic program is NPcomplete [46] . This problem remains NP-hard even when the matrix Q has only a single negative eigenvalue [35] . In the transformations provided in these references, the right-hand side constant in the constraint and the linear term vector in the objective are both nonzero; this is in contrast to the problem (25) above which is a homogeneous problem. Interestingly, the homogeneity of the problem turns the hardness result in the latter reference into a computationally tractable problem. In this subsection, we discuss the problem (25) when Q has only one negative eigenvalue and show that the resolution of the unboundedness of this QP can be accomplished by solving 2 convex quadratic programs, provided that an eigen-decomposition of Q is available. As the second-order stationarity condition of a QP, this case is related to the quasi-convexity of the objective function; this connection is due to the known fact in generalized convexity that the Hessian matrix of a twice differentiable quasi-convex function has only one negative eigenvalue [14] . In spite of this known fact, the derivation below, although easy, does not seem to exist in the vast literature on this subject.
We begin by factoring the matrix Q " P´1DP where P is an orthogonal matrix whose columns are the normalized eigenvectors of Q, and D is a diagonal matrix of eigenvalues which we denote σ i , for i " 1,¨¨¨, n. Without loss of generality, we assume min 
Consider two related convex quadratic programs:
subject to p v P C, y " P p v, and y n " 1;
subject to p v P C, y " P p v, and y n "´1.
Notice that the objective functions of (27) and (28) are bounded below on the respective feasible sets, which may be empty. Hence if either one of these programs is feasible, then it must attain an optimal solution. We have the following result that connects the nonconvex QP (26) with these two convex QPs (27) and (28) .
Proposition 13
Suppose that Q has only one negative eigenvalue. The non-convex (25) is unbounded below if and only if either (27) or (28) is feasible and attains a negative optimal objective value.
Proof. Suppose (25) is unbounded below. Then there exists a feasible pair px, vq such that the objective value of the QP (26) is negative. Clearly x n ‰ 0. If x n ą 0, then py, p vq fi 1 x n px, vq is feasible to (27) and its minimum objective value must be attained and is negative. Similarly for x n ă 0. Conversely, if either (27) and (28) has a negative optimum objective value, then the corresponding optimal solution provides a feasible solution to (26) with a negative objective value. Scaling this solution shows that (26) is unbounded below. l Discussion. Admittedly, the materials in this subsection are so easy that we find it surprising not being able to locate the procedure in the existing literature. The closest result is in the reference [24] where the author considered the "standard" copositivity problem on the nonnegative orthant and derived two convex "quadratic programs" over the second-order (Lorentz) cone whose solutions would resolve the copositivity decision problem. In theory, the test in the reference can be applied to any polyhedral cone provided that the generators of the cone are known, or possibly by a direct extension without invoking such generators; neither approach is discussed, however. Moreover, the former procedure would not be practically viable except for special polyhedral cones. In contrast, our procedure requires solving two standard convex quadratic programs with linear constraints and does not require any information about the generators of the cone. Furthermore, the procedure in Subsection 5.2 can be extended to matrices with exactly two negative eigenvalues, by the use of parametric convex quadratic programming [13] via its linear complementarity formulation. Nevertheless the complexity of such a parametric scheme is expected to be exponential as suggested by the case of parametric linear programming [30] . This is significantly different from the case of just one negative eigenvalue that can be resolved by solving 2 convex quadratic programs, subject to the eigen-decomposition of the matrix in the quadratic form. At this time, it appears that there is no practically efficient procedure for testing matrix-copositivity, thus the second-order necessary and sufficient conditions for PLQ programs, except via the general method of copositive programming; further research is needed.
Statistical Optimization Problems
In this section, we present some modern statistical estimation problems defined by various estimation, loss, and sparsity functions and ascertain that the objective function of the resulting optimization problem is PLQ. This leads to the special class of problems (34) that we will study in greater detail in the remaining sections. For more details of this unified treatment of the statistical estimation problems, see [16] . Piecewise affine statistical model. Extending the traditional linear statistical estimation model, a piecewise affine model has recently been proposed in [23] and algorithms for solving the model have been developed in [16] :
y " mpx; Θq`error , where mpx; Θq " max 1ďiďk1`p
for some positive integers k 1 and k 2 . The parameters to be estimated are contained in the tuple Θ fi
The PA model (29) includes as a special case the training of 1-layer neural network by a piecewise affine activation function [32, 22] that corresponds to the following statistical model: with the vector w and scalar α being the unknown coefficients:
where σ is a univariate piecewise affine function such as the rectified linear unit (ReLU) which is simply the plus-function. Loss functions. Deviating from the least-squares and other differentiable loss functions, the following loss function may not be twice differentiable or convex. ‚ The Huber loss: for some truncation scalar K ą 0,
The first derivative of this function is piecewise affine:
This function ℓ H K is convex, C 1 , and PLQ.
‚ A loss function with margin: for some ε ą 0, ℓptq fi max p | t |´ε, 0 q , employed in support vector machines with soft margins. This function is convex and PA. ‚ A truncated hinge loss function for binary classification [47, 48] : for some scalar s ď 0, ℓptq fi max p 1´t, 0 q´max p s´t, 0 q "
This function is neither convex (when s ă 0) nor differentiable, but is piecewise affine. Sparsity functions. As classified in [1] , these functions are of two kinds: exact and surrogate. The exact sparsity functions have the property that their zeros coincide with the K-sparse vectors for some positive integer K; i.e., vectors with no more than K nonzero components. In contrast, the surrogate sparsity functions are formed from univariate approximation of the discontinuous step function | t | 0 .
A prominent exact sparsity function is 
, 0˙for some positive scalar τ ą 0.
Composite objectives in statistical estimation. Using any one of the above loss functions together with the standard least-squares loss function, we obtain the following estimation problem: given N data points px i , y i q P R d`1 , the optimization problem is
where the objective function f N is the composite of the function pt 1 ,¨¨¨,
ℓpt i q with the vector PA function Θ Þ Ñ`y 1´m px 1 ; Θq,¨¨¨, y N´m px N ; Θq˘. With the loss function ℓ being PLQ and the statistical model mpx; ‚q being PA, the composite objective function f N is PLQ. An alternative optimization problem derived from the log-likelihood maximization of a one-parameter exponential family of density functions can be formulated as:
where examples of the univariate convex function bptq include: the square function t 2 , the logarithmic function logp1`e t q, and the exponential function e t corresponding to a Gaussian, Bernouilli, and a Poisson random variable, respectively. Since f b N is the composite of a convex function with a PA function, Proposition 11 is applicable to (31) .
When a PLQ surrogate sparsity function is added to a composite loss function, the resulting objective remains PLQ. To illustrate, consider the following optimization problem for a given scalar γ ą 0,
where σ is a univariate piecewise affine activation function, and each h i pw i q is a univariate convex PLQ function. In this case, the objective function is the sum of a weighted ℓ 1 -norm plus the function below: 
A Class of Unconstrained Composite Programs
Motivated by the statistical estimation problem (30) augmented by a sparsity function such as (32), we consider in this section a class of unconstrained composite optimization problems and study their second-order optimality conditions:
where f is a C 1 PLQ function defined on R m for some positive integer m; Φ is a m-dimensional vector PA function; and each α i is a nonnegative scalar. For simplicity, we assume that the gradient Fpzq fi ∇ f pzq is piecewise affine with affine pieces A j z`p
for some positive integer J, matrices A j P R mˆm , and vectors e j P R m ; we further assume that Φ is PA with affine pieces
for some positive integer K. This setting allows us to focus on the nondifferentiable piecewise function Φ and the absolute-value function. For a givenw, writez fi Φpwq. Let
denote the active pieces of F and Φ atz, andw, respectively. By Proposition 3, we have, for every and v P R n , there exist subsets p P F pz; uq and p P Φ pw; vq of P F pzq and P Φ pwq, respectively, such that
These index sets p P F pz; uq and p P Φ pw; vq contain the directionally active indices like A 1 px; dq for a general PA function. The following result is an immediate consequence of Theorem 3, giving necessary and sufficient conditions forw to be a (strong, isolated, strict) local minimizer of (34) in terms of the second-order conditions (a), (b), and (c). 
(b) for all v P R n and all pairs p j, kq P p P F pz; uqˆp P Φ pw; vq where u " Φ 1 pw; vq, «
(c) for all v P R n and all pairs p j, kq P p P F pz; uqˆp P Φ pw; vq where u " Φ 1 pw; vq,
It holds that ‚ conditions (a) and (b) combined are necessary and sufficient forw to be a local minimizer of (34);
‚ conditions (a) and (c) combined are necessary and sufficient forw to be a strong (equivalently, strict or isolated) local minimizer of (34); ‚ the number of strong (strict, or isolated) local minimizers is finite;
‚ the number of directional stationary values is finite. l
Unlike the sets P F pzq and P Φ pwq which are completely determined, respectively, by the vectors z andw alone, elements of the sets p P F pz; uq and p P Φ pw; vq cannot be totally identified based only on the pairs pz, uq and pw, vq, respectively. Indeed, p P F pz; vq consists of all indices j P P F pzq such that Fpz`τ g uq " A j pz`τ g uq`e j for a sequence of positive scalars tτ g u Ó 0. A similar description applies to the elements in p P Φ pw; vq. Thus if either P F pzq or P Φ pwq is not a singleton, the verification of the second or third condition in Proposition 14 does not appear to be easy without enumeratively checking all pairs of indices in these index sets. This is the combinatorial aspect of the non-smoothness of the composite function ϕpwq.
A Homogeneous Singly Absolute-Value Constrained QP
Consider the simplified situation of (34) where both P F pzq and P Φ pwq are singletons. This motivates the investigation of an indefinite quadratic optimization problem (35) with a single absolute-value constraint that aims to address the two second-order conditions in (b) and (c) in Proposition 14. We show that the resolution of the problem (35) is equivalent to testing the copositivity of a certain matrix on a nonnegative orthant, and thus is in general NP-hard [31, 46] .
Let Q P R nˆn be a symmetric indefinite matrix, b P R n be arbitrary, and α P R n be a nonnegative, nonzero vector. Consider the quadratic program (QP) with a homogeneous objective: 
where the constraint is such that the reverse inequality holds for all vectors v P R n ; thus b and α satisfy: r b i v i`αi | v i | ě 0, @ v i P R s @ i " 1,¨¨¨, n loooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooon this is the inequality in part (a) of Proposition 14 for one index k , which is equivalent to |b i | ď α i for all i " 1,¨¨¨, n. Based on this observation, we can derive the following lemma which shows in particular that the constraint set of (35) is the Cartesian product of four types of 1-dimensional rays: t0u (a degenerate ray); the entire real line, the nonnegative, or nonpositive real axis.
Lemma 2 Let b and α be n-vectors such that |b i | ď α i for all i " 1,¨¨¨, n. A vector v P R n satisfies (35) zero. This readily yields the desired equivalence. l Before proceeding further, we mention that although this section has focused on the QP (35) with one single convex absolute-value constraint, it is easy to generalize the analysis to arbitrary linear constraints. The end result is that we can obtain similar characterizations of the second-order conditions for PLQ programs in terms of certain matrix-copositivity properties of Schur complements on the nonnegative orthant.
Under the assumption that |b i | ď α i for all i " 1,¨¨¨, n, the problem (35) 
is copositive on the "mixed cone" R |I‰0|ˆR |I f | , where I ‰0 fi I`YI´. In what follows, we perform matrix operations to remove the subspace R |I f | and convert this copositivity condition on the mixed cone into the copositivity of a matrix of reduced order on the nonnegative orthant R
|I‰0|
. We begin by noting that a necessary condition for the copositivity of the matrix (37) on the mixed cone is that the submatrix Q I f I f is positive semidefinite. As such, there exist an orthogonal matrix P I f I f of order |I f | of normalized eigenvectors of Q I f I f and a diagonal matrix of Ξ I f with nonnegative diagonals such that " P I f I f ‰ T Q I f I f " P I f I f ‰ " Ξ I f . It is not difficult to show that the matrix (37) is copositive on R |I‰0|ˆR |I f | if and only if Q I f I f is positive semidefinite and the matrix » -----
is copositive on the same cone. We may partition the index set I f into the union of two comple- 
For the latter symmetric matrix to be copositive on the mixed cone R |I‰0|ˆR |I f | , it is necessary Substituting the definition of the vector v If easily the completes the proof of the necessity of the third condition. "Sufficiency". This can be proved by reversing the above arguments. l
